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Abstract. An ergodic random walk on a finite regular graph whose distribu-

tion converges to the uniform measure “suddenly” is said to exhibit the cutoff

phenomenon. For a given model, stating this precisely and proving rigorously
that it occurs is often quite challenging. In this note, we give a precise formu-

lation and complete proof of the cutoff phenomenon for the star transposition

random walk on the symmetric group.

1. Introduction

An ergodic random walk on a finite regular graph has uniform measure as its
stationary distribution. It is a remarkable discovery of Persi Diaconis [5] that, in
approaching this limit, certain models exhibit a cutoff : the total variation distance
to uniform remains close to its initial value for a time, and then abruptly becomes
tiny. The goal of this note is to present a complete analysis of one such model —
the star transposition random walk on the symmetric group.

Let us identify the symmetric group Sd with its Cayley graph, as generated by
the transpositions

(1.1) (1 d), (2 d), . . . , (d− 1 d).

Imagine a particle positioned at a given vertex of Sd. Let the position of this
particle evolve in discrete time according to the following rule: at each tick of the
clock, the particle either stays put or jumps to a neighbouring vertex, all events
occurring with equal probability. The generators (1.1) are called star transpositions
because the graph on the ground set {1, . . . , d} determined by viewing them as
edges is a star graph with central vertex d. In terms of card shuffling, the star
transposition random walk can be thought of as the top-to-random shuffle of a
stack of d cards: each step of the walk corresponds to interchanging the top card
with a randomly chosen card. Our goal is to give a complete proof of the following
statement.

Theorem 1. The star transposition random walk on Sd exhibits cutoff at time
d log d.

A precise formulation of this result is given in Theorem 2 below. Note that
Theorem 1 is well-known to probabilists, see e.g. [4, Chapter 3] and [11, §9.5].
However, we have been unable to locate a proof of its precise version, Theorem 2,
in the literature.

We felt that assembling a complete proof of the cutoff phenomenon for the star
transposition random walk was worthwhile for several reasons. First, the details of
the argument are non-trivial and deserve to be recorded. Second, the modern ap-
proach to representations of symmetric groups, as developed in [10] and expounded
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in [2], facilitates a streamlined argument which clarifies an important point: the
non-centrality of this process is not a significant obstacle, and what really matters
is that the walk is driven by an element of the Gelfand-Tsetlin algebra. Finally, the
star transposition random walk is special: among all minimal sets of transpositions
which generate the symmetric group, star transpositions induce the Cayley graph
with largest spectral gap, and hence facilitate the fastest mixing. This fact is per-
haps best understood in the framework of a recently resolved conjecture of Aldous;
see [1, 3, 8].

1.0.1. Acknowledgement. This paper was written while the second author was par-
ticipating in MIT’s Undergraduate Research Opportunities Program (UROP) under
the guidance of the first author. We thank Guillaume Chapuy for several helpful
conversations concerning random walks on symmetric groups.

2. Precise statement

Let CSd be the complex group algebra of Sd. It will be convenient to identify
each subset S ⊆ Sd with the algebra element

S =
∑
g∈S

g.

If we equip CSd with the inner product in which the permutations form an or-
thonormal basis, then for any A ∈ CSd we have the Fourier expansion

A =
∑
g∈Sd

〈g,A〉g.

Let ‖ · ‖ be the corresponding `1-norm,

‖A‖ =
∑
g∈Sd

|〈g,A〉|.

Consider the unit vectors P,U ∈ CSd defined by

P =
1

d
(I + J), U =

1

d!

∑
g∈Sd

g,

with I the identity permutation and

(2.1) J = (1 d) + · · ·+ (d− 1 d).

Then P r is the distribution of the star transposition walk at time r; that is, the
inner product 〈g, P r〉 is the probability that the particle is located at vertex g of
the Cayley graph after r jumps. The vector U is the uniform distribution on Sd,
and ‖P r − U‖ is the total variation distance between the distribution of the star
walk at time r and the uniform measure on Sd.

We will prove the following precise version of Theorem 1.

Theorem 2. Fix a large positive integer d. For any t > 0 such that r = d log d+ td
is an integer,

‖P r − U‖ ≤ e 1
2−t.

For any 0 < t < log d such that r = d log d− td is an integer,
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‖P r − U‖ ≥ 1− 400e−t.

3. Upper bound

To obtain the upper bound in Theorem 2, we will modify the arguments presented
in [4, Chapter 3] and [2, Chapter 10], which treat the all-transpositions random
walk. Although conventional wisdom dictates that replacing the full conjugacy
class of transpositions with the non-central class of star transpositions makes the
problem more difficult, we will see that this is not the case.

In the interest of brevity, we assume basic familiarity with the representation
theory of finite groups in general, and the symmetric group in particular. We will
use the following notation: Yd is the set of Young diagrams with d cells, Td is
the set of standard Young tableaux with d cells, sh : Td → Yd is the forgetful map
which sends each tableau to its underlying shape. For each tableau t ∈ Td, let ω(t)
denote the column index less the row index of the cell containing d in t.

Let (V λ, ρλ), λ ∈ Yd, be a complete set of pairwise non-isomorphic irreducible
representations of CSd. Applying the Diaconis-Shahshahani upper bound lemma
[4, Chapter 3], we have

(3.1) ‖P r − U‖2 ≤ 1

2

∑
λ∈Yd

λ6=(d)

(dimV λ) Tr ρλ(P 2r).

In [10], a basis

(3.2) vλt , t ∈ sh−1(λ)

of each vector space V λ is constructed such that

(3.3) ρλ(J)vλt = ω(t)vλt .

The basis (3.2) is called the Gelfand-Tsetlin basis in [10]. The commutative sub-
algebra of CSd consisting of elements which act diagonally on the Gelfand-Tsetlin
basis in each irreducible representation is known as the Gelfand-Tsetlin subalgebra.

The generator of the star transposition random walk, P = I + J , belongs to the
Gelfand-Tsetlin subalgebra. Indeed, it follows from (3.3) that the operator ρλ(P )
acts diagonally on the Gelfand-Tsetlin basis of V λ, and has spectrum

1

d
(1 + ω(t)), t ∈ sh−1(λ).

The spectrum of P is also computed in [7, Theorem 3.7], where it is used to study
the hitting time of the star transposition random walk.

From the above discussion, we conclude that

Tr ρλ(P 2r) =
1

d2r

∑
t∈sh−1(λ)

(1 + ω(t))2r,

and hence the upper bound in (3.1) becomes
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‖P r − U‖2 ≤ 1

2d2r

∑
λ∈Yd

λ 6=(d)

dimλ
∑

t∈sh−1(λ)

(1 + ω(t))2r

=
1

2d2r

∑
t∈Td

ω(t)<d−1

dim sh(t) · (1 + ω(t))2r.

(3.4)

Let us decompose the right hand side of (3.4) as

∑
T∈Td

ω(T )<d−1

dim sh(T )(1 + ω(T ))2r

=
∑
T∈Td

0≤ω(T )<d−1

dim sh(T )(1 + ω(T ))2r +
∑
T∈Td

−(d−1)≤ω(T )<0

dim sh(T )(1 + ω(T ))2r

=
∑
T∈Td

0≤ω(T )<d−1

dim sh(T )(1 + ω(T ))2r +
∑
T∈Td

−(d−1)≤ω(T )<0

dim sh(T )(1− |ω(T )|)2r.

(3.5)

In words, the first group of terms above corresponds to standard Young tableaux
in which the cell containing d lies on or above the main diagonal, while the second
group of terms corresponds to tableaux in which the cell containing d lies strictly
below the main diagonal. Given T ∈ Td, let T ∗ denote its transpose, which is again
a standard Young tableau. Noting that

dim sh(T ∗) = dim sh(T ) and ω(T ∗) = −ω(T ),

the summation over tableaux with negative ω(T ) may be written

∑
T∈Td

−(d−1)≤ω(T )<0

dim sh(T )(1− |ω(T )|)2r =
∑
T∈Td

0<ω(T∗)≤d−1

dim sh(T ∗)(1− ω(T ∗))2r

=
∑
T∈Td

0<ω(T )≤d−1

dim sh(T )(1− ω(T ))2r

≤
∑
T∈Td

0≤ω(T )≤d−1

dim sh(T )(1− ω(T ))2r.

(3.6)

We now argue that

(3.7)
∑
T∈Td

0≤ω(T )≤d−1

dim sh(T )(1− ω(T ))2r ≤
∑
T∈Td

0≤ω(T )<d−1

dim sh(T )(1 + ω(T ))2r.

While it is clear that each term of the sum on the left side of (3.7) is bounded by
the corresponding term of the sum on the right hand side, the left sum has one
more term, and so the inequality is not obvious. Consider the terms corresponding
to the tableaux
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(3.8)
1 3 4 . . . d
2

and

(3.9) 1 2 3 4 . . . d.

On one hand, the tableau (3.8) contributes

(3.10) dim(d− 1, 1)(1− (d− 2))2r = (d− 1)(d− 3)2r

to the left side of (3.7), while the tableau (3.9) contributes

(3.11) (1− (d− 1))2r = (d− 2)2r.

On the other hand, (3.8) contributes

(3.12) (d− 1)(1 + (d− 2))2r = (d− 1)2r+1

to the right hand side of (3.7). Hence (3.7) is equivalent to the inequality

(3.13) (d− 1)(d− 3)2r + (d− 2)2r ≤ (d− 1)2r+1,

which is easy to verify. We conclude that the upper bound (3.4) implies the upper
bound

(3.14) ‖P r − U‖2 ≤ 1

d2r

∑
T∈Td

0≤ω(T )<d−1

dim sh(T )(1 + ω(T ))2r.

We now use (3.14) to prove the upper bound in Theorem 2. From (3.14), we
obtain

‖P r − U‖2 ≤ 1

d2r

∑
T∈Td

0≤ω(T )<d−1

dim sh(T )(1 + ω(T ))2r

=
1

d2r

∑
λ∈Yd

λ 6=(d)

dimλ
∑

T∈sh−1(λ)
ω(T )≥0

(1 + ω(T ))2r

≤ 1

d2r

∑
λ∈Yd

λ 6=(d)

dimλ
∑

T∈sh−1(λ)
ω(T )≥0

(1 + λ1 − 1)2r

≤ 1

d2r

∑
λ∈Yd

λ 6=(d)

λ2r1 (dimλ)2.

(3.15)

Let us partition the terms of the final sum in (3.15) according to initial row length:
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1

d2r

∑
λ∈Yd

λ6=(d)

λ2r1 (dimλ)2 =

d−1∑
j=1

∑
λ∈Yd
λ1=d−j

(1− j

d
)2r(dimλ)2

=

d−1∑
j=1

(1− j

d
)2r

∑
λ∈Yd
λ1=d−j

(dimλ)2.

(3.16)

Given a Young diagram λ with d cells in total and d− j cells in the first row, write
λ = (d − j, λ′), where λ′ is the Young diagram with j cells obtained by removing
the first row of λ. We then have the inequality

(3.17) dim(d− j, λ′) ≤
(

d− 1

d− j − 1

)
dimλ′.

Indeed, there are
(
d−1
d−j−1

)
standard fillings of the first row (the initial cell must be

filled with 1), and dimλ′ standard fillings of the remaining cells. We thus arrive at
the bound

‖P r − U‖2 ≤
d−1∑
j=1

(
1− j

d

)2r (
d− 1

d− j − 1

)2 ∑
λ′∈Y (j)

(dimλ′)2

=

d−1∑
j=1

(
1− j

d

)2r (
d− 1

d− j − 1

)2

j!,

(3.18)

where the equality is a consequence of Frobenius’s theorem that the sum of the
squares of the dimensions of the irreducible representations of a finite group is
equal to the cardinality of the group.

Applying the inequality 1− x ≤ e−x, the bound (3.18) yields

‖P r − U‖2 ≤
d−1∑
j=1

e−
2jr
d

(
d− 1

d− j − 1

)2

j!

=

d−1∑
j=1

e−
2jr
d

(
(d− 1)!

(d− 1− j)!

)2
1

j!

(3.19)

Now let t be a positive number such that d log d+ td is an integer. Then we have
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‖P d log d+td − U‖2 ≤
d−1∑
j=1

e−2jtd−2j
(

(d− 1)!

(d− 1− j)!

)2
1

j!

≤ e−2t
d−1∑
j=1

1

j!

(
(d− 1)!

dj(d− 1− j)!

)2

= e−2t
d−1∑
j=1

1

j!

(
(d− 1)j

dj

)2

≤ e−2t
d−1∑
j=1

1

j!

≤ e1−2t.

(3.20)

Taking square roots yields the upper bound of Theorem 2.

4. Lower bound

For any E ⊆ Sd, we have

(4.1) ‖P r − U‖ ≥ ‖ΠE(P r)−ΠE(U)‖ ≥
∣∣∣∣‖ΠE(P r)‖ − ‖ΠE(U)‖

∣∣∣∣,
where ΠE ∈ EndCSd acts on permutations according to

(4.2) ΠE(g) =

{
g, if g ∈ E

0, if g 6∈ E
.

Thus, in order to obtain a lower bound on ‖P r − U‖, it suffices to construct a set
E such that ‖ΠE(U)‖ and ‖ΠE(P r)‖ are far apart.

The function from sets to numbers defined by

(4.3) E 7→ ‖ΠE(P r)‖
is the distribution of the star transposition random walk at time r. For small r, this
distribution is concentrated in a small neighbourhood of the starting point of the
random walk. Thus, assuming without loss in generality that the point of departure
is the identity permutation, when r is small this distribution is concentrated on
permutations with a large number of fixed points. Thus, for small r, the probability
‖ΠE(P r)‖ is small if E is a set of permutations whose members have a small number
of fixed points. But a uniformly random permutation has few fixed points with high
probability, so if E is a set of permutations whose members have few fixed points
then ‖ΠE(U)‖ ought to be large. Hence, we expect the difference ‖ΠE(U)‖ −
‖ΠE(P r)‖ to be close to 1 when r is small.

The above probabilistic intuition can be implemented algebraically using the fact
that the character of the standard representation (V (d−1,1), ρ(d−1,1)) of CSd is a
fixed point count:

(4.4) Tr ρ(d−1,1)(g) = #{fixed points of g} − 1.
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Set

(4.5) χ(d−1,1) =
∑
g∈Sd

Tr ρ(d−1,1)(g)g,

so that 〈χ(d−1,1), P r〉 = Tr ρ(d−1,1)(P r) is one less than the expected number of fixed
points of the star transposition random walk at time r. The operator ρ(d−1,1)(P r)
has the eigenvalue

(4.6)

(
1− 1

d

)r
with multiplicity dimV (d−2,1) = d− 2,

corresponding to Gelfand-Tsetlin basis vectors in V (d−1,1) indexed by Young tableaux
of the form

(4.7)
1 ∗ ∗ . . . ∗ d
∗ .

It also has a one-dimensional kernel corresponding to the Gelfand-Tsetlin basis
vector indexed by the tableau

(4.8)
1 2 3 . . . (d− 1)
d

.

Thus, for any positive integer r,

(4.9) 〈χ(d−1,1), P r〉 = Tr ρ(d−1,1)(P r) = (d− 2)(1− 1

d
)r

is one less than the expected number of fixed points of the star transposition random
walk at time r.

For 0 < s ≤ 〈χ(d−1,1), P r〉, consider the event

(4.10) Es = {g ∈ Sd : |Tr ρ(d−1,1)(g)| ≤ s}.
By definition of Es, we have

(4.11) Es ⊆ {g ∈ Sd : |Tr ρ(d−1,1)(g)− 〈χ(d−1,1), P r〉| ≥ 〈χ(d−1,1), P r〉 − s},
so that

(4.12) ‖ΠEs(P r)‖ ≤ 〈(χ
(d−1,1))2, P r〉 − 〈χ(d−1,1), P r〉2

(〈χ(d−1,1), P r〉 − s)2
,

by Chebyshev’s inequality.
As with any representation, the tensor square of the standard representation

decomposes into the direct sum of the symmetric square and the alternating square:

(4.13) V (d−1,1) ⊗ V (d−1,1) = Sym2 V (d−1,1) ⊕Alt2 V (d−1,1).

The alternating square of the standard representation is irreducible and isomorphic
V (d−2,1,1) (see [9, §3.2]). The symmetric square is reducible and decomposes as
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(4.14) Sym2 V (d−1,1) = V (d) ⊕ V (d−1,1) ⊕ V (d−2,2),

see [9, Exercise 4.19]. Consequently,

(4.15) (χ(d−1,1))2 = χ(d) + χ(d−2,2) + χ(d−2,1,1) + χ(d−1,1),

and our Chebyshev bound (4.12) becomes

‖ΠEs
(P r)‖ ≤ 1 + 〈χ(d−2,2), P r〉+ 〈χ(d−2,1,1), P r〉+ 〈χ(d−1,1), P r〉 − 〈χ(d−1,1), P r〉2

(〈χ(d−1,1), P r〉 − s)2

=
1 + Tr ρ(d−2,2)(P r) + Tr ρ(d−2,1,1)(P r) + Tr ρ(d−1,1)(P r)−

(
Tr ρ(d−1,1)(P r)

)2
(Tr ρ(d−1,1)(P r)− s)2

.

(4.16)

The operator ρ(d−2,2)(P r) has the eigenvalue(
1− 2

d

)r
with multiplicity dimV (d−3,2) =

(d− 1)(d− 4)

2

corresponding to Gelfand-Tsetlin basis vectors in V (d−2,2) labelled by standard
tableaux of the form

1 ∗ ∗ . . . ∗ d
∗ ∗ ,

as well as the eigenvalue

1

dr
with multiplicity dimV (d−2,1) = d− 2

corresponding to basis vectors labelled by tableaux of the form

1 ∗ ∗ . . . ∗
∗ d

.

The operator ρ(d−2,1,1)(P r) has the eigenvalue(
1− 2

d

)r
with multiplicity dimV (d−3,1,1) =

1

2
(d− 1)(d− 2)

corresponding to Gelfand-Tsetlin basis vectors in V (d−2,1,1) labelled by standard
Young tableaux of the form

1 ∗ ∗ . . . ∗ d
∗
∗

,

as well as the eigenvalue

(−1)r

dr
with multiplicity dimV (d−2,1) = d− 2

corresponding to basis vectors labelled by tableaux of the form
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1 ∗ ∗ . . . ∗
∗
d

.

It follows from the above computations that

(4.17) 〈χ(d−2,2), P r〉+ 〈χ(d−2,1,1), P r〉 ≤ 〈χ(d−1,1), P r〉2,
so that our Chebyshev bound (4.12) implies

(4.18) ‖ΠEs
(P r)‖ ≤ 1 + Tr ρ(d−1,1)(P r)

(Tr ρ(d−1,1)(P r)− s)2
.

It remains only to make this upper bound explicit.
We have

Tr ρ(d−1,1)(P r) = (d− 2)(1− 1

d
)r = (d− 2)er log(1−

1
d ).

Writing

log(1− x) = −x− x2

2
q(x), q(x) = 1 + 2

∞∑
n=1

xn

n+ 2
,

this becomes

Tr ρ(d−1,1)(P r) = (d− 2)e−r(
1
d+

1
2d2

q( 1
d )),

so that, for any real t such that d log d− td is a positive integer,

Tr ρ(d−1,1)(P d log d−td) = (d− 2)e−(d log d−td)(
1
d+

1
2d2

q( 1
d ))

= (d− 2)e−(log d−t+
log d−t

2d q( 1
d ))

= (1− 2

d
)ete

t−log d
2d q( 1

d ).

Now, q( 1
d ) is a positive, decreasing function of d ∈ N≥2 with

(4.19) q(
1

2
) ≤ 1 + 2

∞∑
n=1

1

2n
= 3

and q( 1
d )→ 1 as d→∞. Thus, for 0 ≤ t < log d, we have

(4.20) e−
log d

d q( 1
d ) ≤ e

t−log d
2d q( 1

d ) < 1,

and this yields the two-sided inequality

(4.21) 0.1et ≤ Tr ρ(d−1,1)(P d log d−td) ≤ et

for d ≥ 3. From (4.18), we thus have

(4.22) ‖ΠEs(P d log d−td)‖ ≤ 1 + et

(0.1et − s)2
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for any 0 ≤ t < log d such that d log d−td is a positive integer. Choosing s = 0.05et,
we obtain

(4.23) ‖ΠE0.05et
(P d log d−td)‖ ≤ 1 + et

0.0025e2t
= 400e−t + 400e−2t.

Let us now compare the above to the probability

(4.24) ‖ΠE0.05et
(U)‖.

First, one less than the expected number of fixed points in a uniformly random
permutation is

(4.25) 〈χ(d−1,1), U〉 =
1

d!
〈χ(d−1,1), χ(d)〉 = 0,

by the orthogonality of irreducible characters. Using the tensor square decompo-
sition described above together with orthogonality, it is easy to compute a second
moment:

〈(χ(d−1,1))2, U〉 =
1

d!
〈χ(d), χ(d)〉+

1

d!
〈χ(d−1,1), χ(d)〉+

1

d!
〈χ(d−2,2), χ(d)〉+

1

d!
〈χ(d−2,1,1), χ(d)〉

= 1.

We thus have

‖ΠE0.05et
(U)‖ = 1− ‖ΠSd\E0.05et

(U)‖
= 1− ‖Π{g∈Sd:(Tr ρ(d−1,1)(g))2>0.0025e2t}(U)‖

≥ 1− 1

0.0025e2t
, by Markov’s inequality

= 1− 400e−2t.

(4.26)

Combining our estimates on ‖ΠE 1
2
√

3
et

(P d log d−td)‖ and ‖ΠE 1
2
√

3
et

(U)‖, we con-

clude that

(4.27) ‖ΠE0.05et
(U)‖ − ‖ΠE0.05et

(P d log d−td)‖ ≥ 1− 400e−t,

which is precisely the lower bound in Theorem 2.

5. Cutoff for the Monotone Walk

5.1. Upper bound. Let Mr be the distribution of the monotone walk at time r.

Theorem 3. For any t > 0, we have

r = d log d+ td =⇒ ‖Mr − U‖ ≤ Ce−ct

where c = 1− 1/(2d+ 1) and C = 3.

Proof. The monotone walk can be considered as a Markov process (Xr, `r) on the
state space S(d)×{1, . . . , d}, where Xr is its location at time r and `r is the highest
label encountered by time r. Let

T = min{r : `r = d}
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be the first time label d is encountered; observe that T is a stopping time for the
process and that `r = d after T , i.e. on the event {r ≥ T}.

At each time the walk has an independent chance of at least (d−1)/
(
d
2

)
= 2/d of

hitting label d. It follows that T is stochastically dominated by a Geometric(2/d)
random variable G, so that

P(T > r) ≤ P(G > r) ≤ C

(
1− 2

d

)r
.

�
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